
Chapter 8

Acoustic coherence theory suitable for

hearing

8.1 Intro duction

In the previous chapter several p ersp ectives on coherence were reviewed that have found their way
into acoustics and auditor y research in one way or another. In synthesizi ng the di�erent p ersp ectives,
we aim to b e able to track the coherence of a sound signal all the way from the source to the
brain. For this purp ose, the scalar coherenc e theory from optics seems to b e almost ready-made
to i mp ort into acoustics. The only adaptations that have to b e made are in emphases and in the
connections to existing research in acoustics, which have often employed a di�erent jargon (see
Table 7.1). The optical theory provides a rigorous basis, up on which it will b e easier to intro duce
the topic of synchronization. This should then enable us to apply it to the cohe rence p ersp e ctives
of communication theory and to a l arge extent�to the auditory brain. This chapter is therefore
dedicated to the presentation of the scalar-wave coherence theory along with examples that are
relevant to hearing. As exp erimental data ab out the coherence prop erties of acoustical sources are
relatively scarce, the chapter is supplemented also by data pr esented in �A, which demonstrate some
of the concepts using reali sti c sources.
It should b e emphasized that thi s chapter do e s not present any new science, as most ideas

from coherence the ory have app eared in acoustics at one p oint or another. However, to the b est
knowledge of the author, there has b ee n no systematic e�ort to formal ly integ rate coher ence and
acoustic theories in a consistent and rigorous way. Nor has there b een an e�ort to intuitively integrate
the fundamental concepts of coherenc e into hearing theory, even though some interpretations of i t
have found wide use. Therefore, the presentations in this chapter and in the app endi x (�A) attempt
to bridge this gap. The intui tion and concepts that are obtained here will b e use ful throughout the
remainder of this work.
In adopting the scalar coherence theory, we are knowingly going to neglect the vel o city �eld, which

has b een of te n analyzed in the context of acoustic coherence (e.g., in sound intensity, Jacobsen,
1979, 1989, or in mo deling of microphone array r esp onses, Kuster, 2008). Because the ear is
sensitive only to acoustic pressure, coherence expressions involving velo city are of relativel y little
app eal. Therefor e, we shal l li mit our attention to plane waves only, where the pressure and velo c ity
are in phase and the intensity can b e expressed using the pressure alone. Where it appli es to source
functions that are non-planar, the far -�eld appr oximation to plane waves should b e assumed (see
Table 3.1). Alternatively, secondary sources can b e used (� 4.2.2).
The terminol ogy used throughout thi s chapter adheres to the physical optic s theory of coherenc e,

rather than to the acoustical one. The main reason for this is that it is more consistent and
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is em b edded more deeply in wave physics, whereas acoustic al correlation has not b ee n equally
elab orated and i ntegrated in standard acoustical theory and practic e. Additionally, by using the
term coherence rather than correlation, we distinguish b e tween wave-physic al similarity, as can b e
manifested i n interference phenomena, and the m athe matical and statistical op eration that represents
it in theor y, which is largely based on the correl ati on function. Refer to Table 7.1 for coherence
related ter ms in optics and acoustics.
Unless otherwi se noted, the presentation of coherence theory is based on the texts by Mandel

and Wolf (1995), Born et al. (2003, pp. 554�632), Wolf (2007), and to a lesser e xtent on Go o dman
(2015).

8.2 Coherence and interference

The standard way of intro ducing coherenc e in wave optics is by analyzing the interfer ence pattern
that is obse rved from a source of light that radiates through two pinholes (see Figure 8.1). According
to Huygens principle (� 4.2.2), when the pinhole diame ter is small with resp ect to the wavelength
of the light, it can b e taken as a (secondary) p oint sourc e. As the theory deals with a high-
frequency electromagnetic �eld, it is assume d that only average i ntensity patterns are measurable
and, imp ortantly, that the interference patte rn is static, due to stationar ity. The latter assumption
stems from the statistical regularity o f the source, which go es through the order of 1014 cycles p er
second for l ight in the visible sp ectrum. None of these assumptions is partic ularly relevant to the
acoustic signals sensed by the auditory system, but it will b e easier to develop insight for the basic
coherence conce pts through this standard theory, and then mo dify it as necessary. The basi c theory
deals with classical scalar el ectromagnetic �elds, which entails that p olarization e�ects that ste m
from di�erences in the electric and magnetic comp onents are neglected 71 . Thi s means that this
theory can hold for the scalar acoustic pressure �eld as well. While there has b een much work done
on the acoustic velo city-pressure �eld coherence i n acoustics (e .g., Jacobsen, 1989), this topic seems
to b e of little direct relevance to the pressure-based hearing and will not b e explored here. Hence,
sound intensity is used here in its sc alar form, which is prop ortional to sound p ower and the pressure
squared only i n the plane wave approximation (Table 3.1). Thus, intensity will b e treated as a scalar
and its directionality will b e neglected.

8.2.1 The cohe rence function

Let p(r 1; t) and p(r 2; t) b e the sound pressures at time t and p oints r 1 and r 2 , resp ectively (Figure
8.1). The me asure ment is set up in a way that the pressure �eld at p oint r is completely determi ned
by the c ontributions arriving from r 1 and r 2 . This is a given in a free-� eld me asure ment where the
sound pressures represent p oint sources. It can also b e ensured far from the sour ce by encircling
the p oints with pinholes, which approximate the pressure ar riving from them to p oint receivers that
b ecome secondar y p oint sources, according to Huygens principle. We would like to calculate the
total intensity that is measured at p oint r , as a function of the contributions fr om p(r 1; t) and
p(r 2; t) . We consider the intensity to b e a random pro cess 72 , which has to b e averaged over time

71More advanced theory deals with polarization e�ects as well, which are of no relevance in acoustics. The
classical domain is su�cient to explain most imaging e�ects, but an extensive quantum coherence theory has also
been developed. See Mandel and Wolf (1995).

72A random orstochastic process relates to a variable or variables that are drawn from a certain probability
distribution. Without getting into any mathematical formalities, whenever we discuss arbitrary signals or waves,
they can be modeled as a random process, which facilitates certain types of analyses. Stochastic processes are
distinguished fromdeterministic processes. See the cited literature in Ÿ8.1 for more formal short introductions. For
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Figure 8.1: The basic setup of the coherence problem. The pressure �eldp(r; t ) is represented
by the wavefront arriving from the left that impinges on two pinholes on planeA. The
radiated �eld from the pinholes is modeled as secondary point sources, neglecting any e�ects
of di�raction from the �nite pinhole size. The sources interfere on a screenB , where the
intensity I (r ; t) is recorded.

and sampled multiple times in order to b e estimated prop erly. The i nte nsi ty in r is given by the
ensemble average of the pr essure square in r

hI (r ; t)i t = hp� (r ; t)p(r ; t)i t (8.1)

The angle brackets h� � � i t represent the ensemble averaging op eration with r esp ect to samples in
time, which are indicated by the subsc ript t . The asterisk denotes the conjugate val ue op eration.
We further assume that the pressure �eld is stationary 73 , so the intensity is inde p endent of time, by
de�nition

hI (r ; t)i t � I (r ) (8.2)

In general, the exp ectation value (i.e., the average) for a function g(t) is de�ned as

hg(t)i t = lim
T !1

1
2T

Z T

� T
g(� )d� (8.3)

If g(t) represents a stationary pro cess which is also ergo dic , then its long-term average value
as de�ned by this integral is equal to the ensemble average, as any sample from its probability
distribution at any particular moment i s representative of the entire ensemble.
For a pressure wave propagating from r 1 and r 2 to r , the asso ciated propagation time delays

to the screen are

t1 =
jr � r 1 j

c
t2 =

jr � r 2 j
c

(8.4)

where c is the sp eed of sound in the medium. For a smal l source (or pinhole) size, the pressure
amplitude in r is inversely prop ortional to the distance. We can intro duce complex amplitudes a1

an extensive introduction, see, for example, Bendat and Piersol (2011). For a shorter introduction, see Middleton
(1996).

73Two general types of stationary processes are distinguished. Astrict-sense stationary process is de�ned to
be independent of time. Thus, such a process can be sampled at any time point without a�ecting the average.
White noise is the simplest such process. Awide- or weak-sense stationary processhas a constant average, and
a time-invariant cross-correlation function, which depends only on the time di�erence and not on the absolute time
points of the process. Wide-sense stationarity requires that the second moments of the process exist. In the text,
whenever stationarity is invoked, it is meant in the wide sense.
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and a2 to designate the resp ective complex amplitudes in r , which include also the e�ec t of the
distance. The intensity in r is therefore the ensemble average of the sup erp osition of the pressure
contributions arriving from r 1 and r 2 , according to Eq. 8.1

I (r ) = ja1j2hp� (r 1; t � t1)p(r 1; t � t1)i t + ja2j2hp� (r 2; t � t2)p(r 2; t � t2)i t+
2 Re [a�

1a2hp� (r 1; t � t1)p(r 2; t � t2)i t ] (8.5)

Using the stationarity prop erty again, we de� ne the mutual coherence function from the last
term of Eq. 8.5

�( r 1; r 2; � ) = hp� (r 1; t)p(r 2; t + � )i t (8.6)

with a time di�erence variable � = t1 � t2 , which can b e measured fro m any time t b ecause of
stationarity. Sp eci�cally, at � = 0 , the mutual coherence function � r 1; r 2; 0 is referred to as the
mutual int ens ity . This is the cross-correlation function of the two pressure functions. Addi tionally,
the average intensities right at the two pinholes are given by

I 1(r ) = ja1j2hp� (r 1; t)p(r 1; t)i t I 2(r ) = ja2j2hp� (r 2; t)p(r 2; t)i t (8.7)

where it is implied that they are shifted to t1 = t2 = 0 due to stationarity. Therefore, Eq. 8.5 can
b e rewritten as

I (r ) = I 1(r ) + I 2(r ) + 2 Re [ja1jja2j�( r 1; r 2; � )] (8.8)

The �rst two terms represent the intensity contr ibution of each pinhole when the other one is blo cked.
We can now de�ne the complex degree of coherence


 (r 1; r 2; � ) =
�( r 1; r 2; � )

p
I 1(r )

p
I 2(r )

=
�( r 1; r 2; � )

p
�( r 1; r 1; 0)

p
�( r 2; r 2; 0)

(8.9)

whose absol ute value is b ounde d b etween 0 and 1 b ecause of the normalization. We will often refe r
in the text to the complex degree of coherence simply as �coherence�. Using all of these, we can
write the law of interference for stationary pressure �elds (of plane waves), which is naturally
identical to the one f or scalar optical �elds,

I (r ; � ) = I 1(r ) + I 2(r ) + 2 Re
hp

I 1(r )
p

I 2(r )
 (r 1; r 2; � )
i

(8.10)

In the narrowband approximation, the pressure wave is mono chromatic and 
 can b e meaningfully
expressed using a complex envelop e and the following identity instead


 (r 1; r 2; � ) � j 
 (r 1; r 2; � )jei [� (r 1 ;r 2 ;� ) � !t ] (8.11)

with ! b eing the average angular frequency and

� (r 1; r 2; � ) = !� + arg 
 (r 1; r 2; � ) (8.12)

The angle � changes very slowly relatively to the p e rio d of the mean frequency, 1=! . We de�ne

� = !� = ! (t1 � t2) =
2�

�
(jr 1 � r 2 j) (8.13)

where � = 2 �c= ! is the me an wave length. Thus, the interference l aw of Eq. 8.10 can b e rewritten

I (r ; � ) = I 1(r ) + I 2(r ) + 2
p

I 1(r )
p

I 2(r )j
 (r 1; r 2; � )j cos [� (r 1; r 2; � ) � � ] (8.14)
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In case that the two pressure source contributions at r have equal levels, I = I 1(r ) = I 2(r ) , the n
Eq. 8.14 simpl i�es to

I (r ; � ) = 2 I f 1 + j
 (r 1; r 2; � )j cos [� (r 1; r 2; � ) � � ]g (8.15)

which descr ib es the intensity fringes that form as a result of interf erence (for example, see Figures
7.1 and 7.2). When j
 j = 1 , the two waves are said to b e completely co here nt and the fringes
exhibit maximum contrast with areas of no light b etween the p eaks. When j
 j = 0 , no interference
takes place and the two waves are completely incoherent , yielding a constant intensity pattern
with no fringes. Everything in b etween, 0 < j
 j < 1, i s partially coherent , which entails reduced
fringe contrast with decreasing degree of coherence, until they are no longer visible (see Figure 8.2).
It is p ossible to quantify the fringe contrast using the maximum and minimum i ntensities obtained
when the cosine is maxim um

I max (r ) = 2 I (1 + j
 (r 1; r 2; � )j) (8.16)

and minimum
I min (r ) = 2 I (1 � j 
 (r 1; r 2; � )j) (8.17)

Accordingly, the visibility of the interference pattern is de�ned as

V =
I max (r ) � I min (r )
I max (r ) + I min (r )

(8.18)

which is V = j
 (r 1; r 2; � )j when I = I 1(r ) = I 2(r ) . In this view, the argument of 
 determines
the relative p ositioning of the fringes 74 . For arbitrary intensities, I 1(r ) 6= I 2(r ) , the visibili ty can b e
computed in general from Eqs. 8.15 and 8.18,

V =
2

q
I 1 (r )
I 2 (r ) +

q
I 2 (r )
I 1 (r )

j
 (r 1; r 2; � )j (8.19)

The interference law of Eq. 8.14 can b e rewritten in yet another way, which provides additional
insight into par tial coherence,

I (r ; � ) = j
 (r 1; r 2; � )j
n

I 1(r ) + I 2(r ) + 2
p

I 1(r )
p

I 2(r ) cos [� (r 1; r 2; � ) � � ]
o

+ [1 � j 
 (r 1; r 2; � )j] [I 1(r ) + I 2(r )] (8.20)

This formulation splits the interfe rence pattern to a coherent part with intensities prop ortional to
j
 (r 1; r 2; � )j and relative phase di�erence of � (r 1; r 2; � ) � � , and an incoherent part with intensities
prop ortional to 1 � j 
 (r 1; r 2; � )j . Thus the total intensity I tot is a sum of coherent and
incoherent contributions , I coh and I incoh , resp ectively

I tot = I coh + I incoh (8.21)

Following Eq. 8.20 and neglecting the cosine term

I coh

I incoh
=

j
 (r 1; r 2; � )j
1 � j 
 (r 1; r 2; � )j

(8.22)

and therefore
I coh

I tot
= j
 (r 1; r 2; � )j (8.23)
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Figure 8.2: Three kinds of coherence in the simple interference experiment. The plot on the
left describes complete coherence, which shows constructive interference using a coherent sum
(linear in amplitude). The plot on the right shows an incoherent sum (linear in intensity) that
exhibits no interference. The middle plot describes the general situation in which interference
exists, but is not complete, giving rise to partial coherence. The curves can represent the
visibility pattern of the fringes in an interference experiment. The plots are a reproduction of
Figure 3.2 from Wolf (2007, p. 35).

This insightful formulation indicates that any partially coherent intensity pattern can b e decomp osed
into comple tely coherent and completely incohere nt intensity contributions.
Examples of c oherent, partially coherent, and incoher ent illumi nati ons are given in Figure 8.3.

The parti ally coherent objects are obtained by combining a coherent source and an incoherent source
in di�erent amounts, according to Eq. 8.21.

8.2.2 Temp oral coherence and spatial coherence

Two idealized typ es of coherence are di sti nguished based on the expressions ab ove. The �rst one is
spatial coherence , 
 (r 1; r 2; � 0) , which is estimated at two di�erent p oints in space, but em ploys a
�xed time di�erence � 0 , usually � 0 = 0 , for convenience. The second typ e is temp oral coherence ,

 (r ; r ; � ) , which is determined solely by the time di�erence � assuming that the measurement
p ositions of the two disturbances are the same, r 1 = r 2 . In real �elds, the temp oral and spatial
coherence are not necessarily i ndep endent. Carto on il lustrations of temp oral and spatial coherence
are given in Figure 7.3.
For stationary acoustic signals, the temp oral coherence is, in fact, the normalized auto correlatio n

function of p(� )


 (r 1; r 2; � ) = 
 (r ; � ) =
�( r ; � )
I (r )

=

R1
�1 p� (r ; t)p(r ; t + � )dt
R1

�1 p� (r ; t)p(r ; t)dt
= Rpp(r ) (8.24)

using Eq. 8.9. The notation Rpp is standard for auto correlation in signal pro cessing, but wil l not b e
used here.
The distinction b etween temp oral and spatial cohe rence provides an informative to ol for analysis

on di�e rent levels. It is also regularly employed in acoustics and hearing, only not by thi s name.
For ex am ple, one may think of interaural acoustic cross-corr elation (IACC) as a spatial coherence
function for the two �xed lo cations of the l eft and right ears (�8.5). Temp or al cohere nce, in contrast,
is used in some mo dels that prob e monaural hearing, whi ch i s sensitive to the time course of signals

74When applied to pressure waves, the termaudibility will be more appropriate than visibility, or the more neutral
term contrast, as audibility is often used in hearing to designate that a stimulus or a manipulation thereof is above
the individual's threshold. However, visibility is the more standard term in optics and we will used it below.
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Figure 8.3: Two sets of images done under incoherent (left), partially coherent (middle), and
coherent (right) illumination. The images were obtained using two di�erent light sources.
The coherent source was a green Nd:YAG laser (� = 532 nm), whose beam was spread with
a diverging lens and a one (top) or two (bottom) di�erent types of di�users. The incoherent
images employed a green light-emitting diode (LED) light, embedded in a bulb, of a slightly
di�erent wavelength than the laser, which is almost completely incoherent and di�use from
the source (see, for example, Mehta et al., 2010). The two light sources were illuminating
the object simultaneously in the partially coherent image. However, as the laser light was
signi�cantly more intense than the LED, it was employed with di�erent amounts of di�usion,
to get di�erent degrees of partial coherence, according to Eq. 8.21. Note that the two light
sources arrive from di�erent angles: the coherent source was almost frontal, whereas the
incoherent source came from the top right of the object.
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and sp eci�cally to p eri o dicity, which app ears as p eaks in the auto correlation function. However, the
input in these mo del s is often broadband, which violates the narrowband assumption and therefore
b ehaves som ewhat di�erently.

8.2.3 The cross-sp ectral density and sp ectrum

According to the Wiener-Khintchin theore m , the p ower sp ectral density of a wide-sense stationary
random pro cess with zero mean is the Fourier transform of its auto correlation function. In our case,
it can b e applied to the mutual coherence function, so

S(r ; ! ) =
Z 1

�1
�( r ; � )e� i!� d� (8.25)

with S b eing the p ower sp ectral density of the pro cess. The inverse transform applies as well

�( r ; � ) =
1

2�

Z 1

0
S(r ; ! )ei!� d! (8.26)

Only p osi tive frequencies are used in the integral with the assumption that the signal is taken to b e
analytic (see �6.2).
Similarly, ac cording to the generalized Wiener-Khintchin theorem , the mutual coherence

function itself�a cross-correlation function�is the Fouri er transform pair of the cross-sp ectral
density W

W (r 1; r 2; ! ) =
Z 1

�1
�( r 1; r 2; � )e� i!� d� (8.27)

and the inverse applies again,

�( r 1; r 2; � ) =
1

2�

Z 1

0
W (r 1; r 2; ! )ei!� d! (8.28)

It is imp ortant to emphasize that the cross-sp ectral density function sp e ctrally dep ends on !
alone only in the case of stationary signals, but it is not true in the more general case of nonstationary
signals that are broadband. It can b e seen by insp ecting the correlation function of the pressure �eld
in sp ectral-spatial co ordinates, assumi ng that the pressure function has a Fourier transfor m (Mandel
and Wolf, 19 76)

hP � (r 1; ! 1)P (r 2; ! 2)i t =
Z 1

�1

Z 1

�1
hp� (r 1; t1)p(r 2; t2)i tei! 1 t1 e� i! 2 t2 dt1dt2

=
Z 1

�1

Z 1

�1
hp� (r 1; t1)p(r 2; t1 + � )i tei (! 1 � ! 2 )t1 e� i! 2 � dt1d� (8.29)

The ensemble average in the integrand is simply the mutual co herence function, which is indep endent
of t1 for stationary signals. Therefore, the �rst transform gives a delta function with the frequency
di�erence in the argument, whereas the Fourier transform of the mutual coherence is simply the
cross-sp ectral density

hP � (r 1; ! 1)P (r 2; ! 2)i t = W (r 1; r 2; ! 1)� (! 1 � ! 2) (8.30)

Hence, for ! 1 6= ! 2 , the cross-sp e ctral density is 0, due to stationarity, which me ans that waves at
di�erent frequencies are completely incoherent to one another (see also B endat and Piersol, 2011,
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pp. 442�448). This is not true for nonstati onary pro cesses and coher ence, as will b e discussed in
� 8.2.9.
The sp ectral density expressions ar e known in acoustics simply as �cohe rence�, adopted from

signal pro cessing of random pro cesses (e.g., Shin and Hammond, 2008). They are much more
commonly used in acoustics than the coherence representation (using temp oral co ordinates), which
is sometimes referr ed to as (cross-)correlation and sometimes as cohe rence 75 . A complete co he rence
theory using sp ectral coherence was derived by Wolf (1982, 1986) and will b e reviewed in � 8 .2.6.

8.2.4 Coherence t im e and coherence length

It has long b een known that inter ference e�ects in light cannot b e empirically observed if the
disturbances are to o far f rom the (secondary) source (e.g., obtaining visible interference fringes with
sunlight is limited to ver y short distances from the pinholes; Verdet, 1869, pp. 72�124). Thi s is
true for sound waves to o�when the pressure disturbances propagate the y gradually acquire phase
distortion, which eventually make s them to o dissimilar to b e capable of interfering. It manifests as
sp ectral broadening of the original source output, and misalignment of the phases in the sup erp osed
�eld functions. Two quantities are particularly handy in quantifying the reach of coherence, inasmuch
as inter ference e�ects can b e measured (i.e ., the fringes are visible, or V > 0 in Eq. 8.18). The
�rst one is coherence time , which is the relative de lay that can b e applied in the auto correlation
function b efore the fringes of the interference pattern disapp ear, so it can b e considered e �ectively
incoherent. The coherence time � � is inversely prop ortional to the sp ectral bandwidth of the source
� ! , so that

� � �
2�
� !

(8.31)

There are di�erent ways to prove this expression, such as by considering an ideal detector with
�nite integration tim e that woul d measure a di�erent level if the input interferes with itself during
integration (Born et al., 2003, pp. 352�359). A more rigorous way to de�ne the coherence time is
based on the self-coherence of the source

�( � ) = hp� (r ; t)p(r ; t + � )i t (8.32)

which is essentially its auto corre lation function. The cohere nce time can then b e de� ned using the
second moment of the squared mo dulus of the self-coherence function (the �rst mome nt is zero due
to stationarity) (Mandel and Wolf, 1995, pp. 176�177)

� � 2 =

R1
�1 � 2j�( � )j2d�
R1

�1 j�( � )j2d�
(8.33)

Similarly, the e�ective sp ectr al width of the source can b e de�ned as the second m oment of the
sp ectral density function, centered ar ound the mean frequency �!

� ! 2 =
R1

0 (! � �! )2S(! )2d!
R1

0 S(! )2d!
(8.34)

where the mean frequency is the �rst moment

�! =
R1

0 !S (! )2d!
R1

0 S(! )2d!
(8.35)

75Jacobsen and Nielsen (1987) made the distinction that the acoustic correlation function is bandlimited, whereas
the coherence is de�ned in the frequency domain.
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which, for narrowband mo dulated sources, we normally equate with the carrier �! = ! c . With some
e�ort, it may b e shown that � � and � ! are related by the inequality (Mandel and Wolf, 1995 , pp.
176�180)

� � � ! �
1
2

(8.36)

This expression is reminiscent of the uncertainty principle for time signals and their freque ncy rep-
resentation. The si milari ty is p erhaps unsurpri sing, given the Fourier-transform pair that the au-
to correlation and the sp ectr al density form (although in this case it was established for wide-sense
stationary random pro cesses accor ding to the Wiener-Khi ntchin theorem, unlike regular time sig-
nals). Just as for time si gnal s, the inequality 8.36 b ecomes an equality only for a Gaussian source
distribution�b oth its sp ectrum and its auto correlation (Gab or, 1946; Go o dman, 2015, pp. 158�
162).
Even with the new de�nition of the coherence time of Eq. 8.33, i t is somewhat arbitrary and

may b e used primarily as an approximate measure. In re ality, the visibil ity may oscillate around
� � , dep ending on the exact distribution of the sp ectrum around the mean frequency. Furthe rmore ,
obtaining a meaningful interpretation of the coherence time when the source is not mono chromatic
or narrowband is not straightforward, as b oth sp ectrum and self-coherence functions have multiple
p eaks. This is the case in most realistic acoustic sources, which requir es more ad-ho c estimates, as
is demonstrated in �A.
Given a �nite coherence time for the source, it is also p ossible to de�ne a corresp onding coher-

ence length � l

� l = c� � �
2�c
� !

(8.37)

The coherence length is more intui tive in spatial coherence propagation problems and may ther efore
b e handier in binaural hearing. In contrast, the coherence time is more immedi ate ly relevant in
monaural listening , as will b e explored b elow and throughout this work.
It will b e useful to refer to the coherence time (or length) as a �gure of merit for the degree of

coherence of a source or a signal. So a signal with relatively high coherenc e time and length has a
high degree of coherence and vice versa.

8.2.5 The wave equation for the coherence functions

A profound pr op erty of the m utual co herence function is that it satis�es the wave equation (Wolf,
1955). This can b e established relatively easily. Starting from the scalar wave equation f or the
pressure �eld

r 2p(r ; t) =
1
c2

@2p(r ; t)
@t2

(8.38)

We can take the complex conjugate of p on b oth sides of the equation, switch to a lo c al co ordinate
system with r 1 and t1 , and multiply b oth sides of the equation by p(r 2; t2)

r 2
1p� (r 1; t1)p(r 2; t2) =

1
c2

@2p� (r 1; t1)
@t21

p(r 2; t2) (8.39)

where r 1 is the Laplacian in l o cal co ordi nate s. Now if we take the ensemble average of b oth sides
and interchange the order of integration and di�er entiation

r 2
1hp� (r 1; t1)p(r 2; t2)i t =

1
c2

@2

@t21
hp� (r 1; t1)p(r 2; t2)i t (8.40)
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Applying the wide-sense stationarity prop erty, we can use the fact that � = t1 � t2 and @2=@t21 =
@2=@�2 and replace the ensemble average with the mutual coherence function

r 2
1�( r 1; r 2; � ) =

1
c2

@2�( r 1; r 2; � )
@�2

(8.41)

Similarly,

r 2
2�( r 1; r 2; � ) =

1
c2

@2�( r 1; r 2; � )
@�2

(8.42)

Therefore, the homogenous wave equation is satis�ed for �( r 1; r 2; � ) , which indicates that the
coherence function, while b eing an average quantity, propagates in space deterministically and is an
inherent prop erty of the scalar pressure �eld. Coherence propagation according to the wave equation
is derived for di�erent typ es of �elds, i nc luding inhomogene ous ones with a primary radiating source
(Mandel and Wolf, 1995, pp. 181�196). To the b est knowledge of the author, the ab ove equations
have not b een discussed with resp ect to acoustic �elds, except in sp eci�c underwate r acoustic
problems (McCoy and Beran, 1976; Berman and McCoy, 1986).

Finally, it is p ossible to Four ier-transfor m b oth sides of Eqs. 8.41 and 8.42 using the Wie ner-
Khintchin theorem (Eq. 8.27) and obtain the corresp onding Helmholtz wave equations for the
cross-sp ectral density W (r 1; r 2; ! )

r 2
1W (r 1; r 2; ! ) + k2W (r 1; r 2; ! ) = 0 (8.43)

r 2
2W (r 1; r 2; ! ) + k2W (r 1; r 2; ! ) = 0 (8.44)

where we changed the order of di�erentiation and Fouri er-transform integration in the two equations
and used the wavenumb er de�nitio n k = !=c .

8.2.6 Sp ectral coherence

A relatively l ate development in optical cohe rence theory has b een the intro duction of a rigorous
derivation of coherence in the spatial-sp ectr al dom ai n (Wolf, 1982, 1986). It bridges the gap with
the c oherence functions used in signal pro cessing and acoustics. One imp ortant insight that this
theory is able to prov ide is in accounting for the e�ect of passive narrowband �lters on c oherence.
Imp ortantly, this theory is the basis for what app ears to b e the most rigorous extension to date of
optical coherence theory to nonstationary pro cesses (Lajunen et al. , 2005 ), which is most relevant to
acoustics and hear ing. Disp ersive propagation also requires nonstationary coherence theory (Lancis
et al., 2005), as do es non-p erio dic frequency mo dulation in general.

The following is a non-rigorous sketch of the main steps of deriv ati on of the sp ectral coherence
expressions, pr imaril y based on Wolf (2007, pp. 60�69). The initial steps are particul arly technical,
but they lead to familiar and intuitive results. The full derivation is found in Wolf (1982, 1986)
and Mandel and Wolf (1995, pp. 213�223), which is more rigorously approache d than an initial
derivation of the theory that app eared in Mandel and Wolf (1976). An alternative way of derive
sp ectral coherence was outlined by Bastiaans (1977), but is not reviewed here.

The main obstacle in formul ati ng a sp ectral-coherence theory in the �rst place is that stationary
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random pro cesses do not have a valid Fourier representation of the time signal p(t) 76 . Thus,

P (! ) =
Z 1

�1
p(t)e� i!t dt (8.45)

do es not exist for stationary random pro cesses, b ecause p(t) is not integrable as it do es not converge
to zero when t ! �1 . This means that the sp ectrum in its ordinar y de�nition as a function of
the ensemble aver age of the squared mo dulus of the Fourier transfor m of p(t) do es not formally
exist either. The sol ution to this problem harnesses the existence of a more general de�nition
of the sp ectrum found in generalized harmonic analysis (Wiener, 1930 ), which is based on the
auto correlation function of p(t) . In order to apply it, Wolf (1982) used very general assumptions
ab out the source �eld�that �( r1; r2; � ) is absol ute ly integrable with resp ect to � and that it is
continuous and b ounded in the domain 
 that c ontai ns the source and the relevant p oints, for all � .
He showed that these assumptions can lead to certain basic conditions on the cross-sp ectral density
that can make it suitable to b e a kerne l of the Fredholm integral equation 77

Z



W (r 1; r 2; ! )	 n (r 1; ! )d3r1 = � n (! )	 n (r 2; ! ) (8.46)

where W (r 1; r 2; ! ) is a matrix of the cr oss-sp ectral density, 	 n (r; ! ) are eigenfunctions with cor-
resp onding p ositive eigenvalues � n (! ) � 0, which are solutions to the Fre dholm integral equation.
A complete solution for the equation can b e ex pressed as a sum of all the eige nfunctions that solve
the equation

W (r 1; r 2; ! ) =
X

n

� n (! )	 �
n (r 1; ! )	 n (r 2; ! ) (8.47)

This sum is cal led the coherent-mo de representation of the cross-sp ectral density function,
as each mo de can b e shown to b e completely spatially c oherent. It is a linear combination of
orthonormal coherent mo des at freque ncy ! , whose orthonormality condition is given by

Z



	 �

n (r ; ! )	 m (r ; ! )d3r = � nm (8.48)

where � nm is the Kronecker delta that i s 1 when n = m and 0 otherwise. Using this condition it
can b e readily shown that each individual mo de 	 n also satis�es the wave equations 8.43 and 8.44.
Let us now continue to construct functions that can form an ensemble from which a corr elation

function of the c ross-sp ectral density function can b e derived. We construct a pressure-�eld function
using the sup erp osition of the mo des 	 n

P (r ; ! ) =
X

n

bn (! )	 n (r ; ! ) (8.49)

where the random �nite co e�cients bn are related to the eigenval ue s � n (! ) through

hb�
n (! )bm (! )i ! = � n (! )� nm (8.50)

76We have dispensed with the formal discussion ofharmonizable random processesdue to Loève that is usually
invoked here and may be relevant to the discussion of the analytic signal (Ÿ6). In general, it deals with nonstationary
random processes with in�nite energy that may also be discontinuous, for which the standard Fourier transform
does not exist�only the power spectrum via the autocorrelation function (see Ÿ8.2.3). Instead, it then applies the
Riemann-Stieltjes integral for the spectral density,x0(t) = 1

2�

R
dX (! )ei!t . For further details, see Clark (2012, pp.

173�178) for a friendly and brief introduction, or for a more complete treatment Napolitano (2012).
77The conditions are that the cross-spectral matrixW (r 1 ; r 2 ; ! ) is non-negative, de�nite, and Hermitian. These

conditions make it suitable for expansion into eigenfunctions (Eq. 8.47) according to Mercer's theorem. In this case,
the modes satisfy the Fredholm equation (8.46) for whichW is the kernel.
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Then, we can solve for the corresp onding cross-correlation function

hP � (r 1; ! )P (r 2; ! )i ! =
X

n

X

m

hb�
n (! )bm (! )i ! 	 �

n (r 1; ! )	 m (r 2; ! ) =
X

n

� n (! )	 �
n (r 1; ! )	 n (r 2; ! )

= W (r 1; r 2; ! ) (8.51)

where the order of ensemble -averaging and summation was interchanged in the � rst equality, Eq. 8.50
was used in the second equality, and Eq. 8.47 in the last equali ty that e stabli she d equivalence with
the cross-sp ectral density. With these relations at hand it is now p ossible to derive a corresp ondi ng
expression for the sp ectrum

S(r ; ! ) = hP � (r ; ! )P (r ; ! )i ! (8.52)

This formula is intuitively app ealing b ecause it has the same form of the naive interpretation of
the sp ectrum as the squared mo dulus of the Fourier transform comp one nts of the �eld function.
Instead, it is the ensemble average of its mono chromatic eigenfunction representation, rather than
of the direct (forbidden) Fourier transfor m of the stati onary �eld.
Now, since P (r ; ! ) is a linear combination o f the eigenfunctions 	 m (r ; ! ) (Eq. 8. 49), each of

which satis�es the wave equation, then P (r ; ! ) itself satis�es it to o,

r 2P (r ; ! ) + k2P (r ; ! ) = 0 (8.53)

The interpretation of this version of the wave equation is that P (r ; ! ) is the spatial part of the
pressure �eld that has a simple harmonic (mono chromatic) dep endence p(r ; t) = P (r ; ! )ei!t . It
emphasizes the fact that all eigenfunctions in P (r ; ! ) are at the same frequency and each one may
b e coherent in its own right. However, if the sum of P (r ; ! ) (Eq. 8.49) contains more than a si ngle
mo de, then the ensemble may b e only partially coherent.

8.2.7 Broadband interference with sp ectral coherence

It is now p ossible to derive analogous expressions for the interference setup describ e d in � 8.2.1 and
Figure 8.1, but in terms of the cross-sp ec tral density rather than intensity. The derivation follows
Wolf (2007, pp. 63�66). For an alternative pro of, see also Born et al. (2003, pp. 585�588).
The frequency-dep e ndent pressure �eld at p oint r is the sum of the contributions of the pressure

from p oints r 1 and r 2 ,

P (r ; ! ) = a1P (r 1; ! )eikr 1 + a2P (r 2; ! )eikr 2 (8.54)

with a1 and a2 b eing the complex amplitudes of the waves traveli ng from r 1 and r 2 to r , resp ectively.
Using the expression for S(r ; ! ) in Eq. 8.5 2, let us write the sp ec tral density in r

S(r ; ! ) = ja1j2S(r 1; ! ) + ja2j2S(r 2; ! ) + 2 Re
�
a�

1a2W (r 1; r 2; ! )e� i�
�

(8.55)

where � = ! jr 1 � r 2 j=� is once again the phase asso ciated with the path di�erence, � is the
wavelength, and the interference is now expressed by the cr oss-sp ectral de nsi ty W (r 1; r 2; ! ) . The
�rst two terms in Eq. 8.55 are the contribution to the sp ectral density in r when one of the sources
is switched o�, so

ja1j2S(r 1; ! ) = S1(r ; ! ) ja2j2S(r 2; ! ) = S2(r ; ! ) (8.56)

The sp ectral degree of coherence � (r 1; r 2; ! ) is de�ned as

� (r 1; r 2; ! ) =
W (r 1; r 2; ! )

p
W (r 1; r 1; ! )W (r 2; r 2; ! )

=
W (r 1; r 2; ! )

p
S(r 1; ! )S(r 2; ! )

(8.57)
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We also set
� (r 1; r 2; ! ) = j� (r 1; r 2; ! )jei� (r 1 ;r 2 ;! ) (8.58)

with � (r 1; r 2; ! ) = arg � (r 1; r 2; ! ) . Hence, we can rewrite Eq. 8.55 as

S(r ; ! ) = S1(r ; ! ) + S2(r ; ! ) + 2
p

S1(r ; ! )S2(r ; ! )j� (r 1; r 2; ! )j cos [� (r 1; r 2; ! ) � � ] (8.59)

This is the sp ectral interference law . Just as with the co mplex degree of coherence in the
temp oral-spatial co herence treatment earlie r, it can b e shown that the sp ectral degree of coherence
� is b ounded j� (r 1; r 2; ! )j � 1, whe re 1 indicates complete coherence, and 0 complete incoherence
(Born et al., 2003, p. 911). Unlike the temp oral degree of coherence, the sp ectral degree of
coherence is de�ned for a single frequency comp onent. In general, this quantity is suitable for
broadband me asure ments and can reveal sp ectral e�ects that have rel atively small intensity changes
p er frequency. In contrast, temp oral-spatial coherence is applicable for narrowband signals, where
intensity e�ects are visible, with few sp ectral e�ects.
Interestingly, � (r 1; r 2; ! ) is none other that the c oherence function that is commonly used in

acoustics and signal pro cessing (e .g., Shin and Hammond, 2008, pp. 284�285), only backed by
physical conditi ons that corresp ond to the familiar inte rference exp eri ment.
When the p ower contributions from the two p oints are equal, S(r 1; ! ) = S(r 2; ! ) , the sp ectral

interference law simpli�es to

S(r ; ! ) = 2 S1(r ; ! ) f 1 + j� (r 1; r 2; ! )j cos [� (r 1; r 2; ! ) � � ]g (8.60)

which assumes the form of sinusoidal m o dulation envelop e as a function of p osition when two sources
interfere. It also implies that, in general , the sup erp osed sp ectrum of the two contributions to the
�eld is di�e rent than the sp ectrum of a single one. Unlike the interferenc e with narrowband sounds
that was analyzed usi ng temp oral coherence , sp ectral mo dulation is not sensitive to the distance
from the source in the same way, and �uctuations in the sp ectrum may b e observed well b eyond
the coherence time and length of the source. In som e conditions, this can p otentially give rise
to one-half of sp ectrotemp oral mo dulation that has b e en studie d with broadband acoustic stimuli
(Aertsen et al., 1980b,a; Aertsen and Johannesma, 1981), primarily with resp ect to their cortical
resp onses (se e also � 2.4.3 and � 3.4.4).

8.2.8 Narrowband �ltering and coherence

Before leaving the realm of stationary coherence, let us also explore the e�ect of linear narrowband
�ltering on the broadband sp ectral coherence function (Wolf, 1 983, Wolf, 2007, pp. 73�76 and
Mandel and Wolf, 1995, pp. 174�176). This problem is particul arly relevant in hearing, b ecause of
the co chlear bandpass �ltering prop erty�alb eit nonl inear in its transient resp onse�which a�ects
the rece ived coherence of the auditory signal.
The output cross-sp ectral density function Wo of the input pressure �eld P , which passes through

a bandpass �lte r that has a transfer function H (! ) , is

Wo(r 1; r 2; ! ) = hH � (! )P � (r 1; ! )H (! )P (r 2; ! )i ! = jH (! )j2hP � (r 1; ! )P (r 2; ! )i t

= jH (! )j2Wi (r 1; r 2; ! ) (8.61)

where Wi is the cr oss-sp ectral de nsi ty function b efore the �lte r, at the input. In the second equality,
H (! ) was taken out of the ensemble average b ecause it is deterministic. It results in the familiar
input-output relation of the linear �lter, wi th the cross-sp ectral density function assuming the role
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of the signal. It is then straightforward to show that the sp ectral degree of coherence is una�ected
by the �l ter. At the input i t is

� i (r 1; r 2; ! ) =
Wi (r 1; r 2; ! )

p
Wi (r 1; r 1; ! )Wi (r 2; r 2; ! )

(8.62)

And at the output

� o(r 1; r 2; ! ) =
Wo(r 1; r 2; ! )

p
Wo(r 1; r 1; ! )Wo(r 2; r 2; ! )

=
jH (! )j2Wi (r 1; r 2; ! )

p
jH (! )j2Wi (r 1; r 1; ! )jH (! )j2Wi (r 2; r 2; ! )

= � i (r 1; r 2; ! ) (8.63)

Moving now to the spatial-temp oral com plex degree of coherence 
 (r 1; r 2; � ) , we rep eat Eq. 8.9
using the self-coherence functions in the denominator:


 (r 1; r 2; � ) =
�( r 1; r 2; � )

p
�( r 2; r 2; 0)

p
�( r 2; r 2; 0)

(8.64)

We would li ke to �nd o ut whether 
 (r 1; r 2; � ) is a�ected by the �lter , unlike � (r 1; r 2; ! ) . It
is p ossible to use the Wiener-Khintchin theorem and expr ess the cross-corr elations as the inverse
Fourier transform of the cross-sp ectral density (Eq. 8.28), so at the input to the �lter we get

� i (r 1; r 2; � ) =
1

2�

Z 1

0
Wi (r 1; r 2; ! )ei!� d! (8.65)

whereas at the output it is

� o(r 1; r 2; � ) =
1

2�

Z 1

0
Wo(r 1; r 2; ! )ei!� d! =

1
2�

Z 1

0
jH (! )j2Wi (r 1; r 2; ! )ei!� d!

�
1

2�
Wi (r 1; r 2; ! c)

Z 1

0
jH (! )j2ei!� d! (8.66)

where the �nal approxi mation used was done by assuming that the cr oss-sp ectral density is ab out
constant across the narrow �lter bandwidth, so it could b e taken out of the integral. Generali zi ng
across the two p ositions of r

� o(r m ; r n ; � ) �
1

2�
Wi (r m ; r n ; ! c)

Z 1

0
jH (! )j2ei!� d! m; n = 1 ; 2 (8.67)

Therefore, the complex degree of coherence is


 o(r 1; r 2; � ) �
Wi (r 1; r 2; ! c)

R1
0 jH (! )j2ei!� d!

p
W1(r 1; r 1; ! c)W2(r 2; r 2; ! c)

R1
0 jH (! )j2d!

= � i (r 1; r 2; ! c)
R1

0 jH (! )j2ei!� d!
R1

0 jH (! )j2d!
(8.68)

where we used Eqs. 8.64, 8.66, and 8.67. The integral of Eq. 8.68 can b e simpli�ed by insp ecting
the value of 
 o(r 1; r 2; � ) around � = 0 . The quotient is the normalized Fouri er transform of
jH (! )j2 �essentially the normalized impulse re sp onse function of the �lter, measured for intensity,
and assuming that the �lter is linear. This gives us a maximum at � = � 0 � 0, for a causal �lter,
so that


 o(r 1; r 2; � ) � 
 o(r 1; r 2; � 0) = � i (r 1; r 2; ! c) (8.69)
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This result mirr ors the narrowband nature of the coherence function 
 o(r 1; r 2; � ) . It predicts that
the temp oral degr ee of coherence is not guaranteed to remain the same give n the narrowband
�ltering. Even f or very narrow bandwidths it may well b e l ess than unity. But we can obtai n furthe r
insight than that, by testing the e�ect of the bandwidth of an ideal rectangular bandpass �lter on
the cohere nce function. If we set

jH r (! )j2 = 1 ! c �
� !
2

� ! � ! c +
� !
2

(8.70)

for a � lter with bandwidth � ! . Then we can directly c ompute Eq. 8.68, which gives


 o(r 1; r 2; � ) � � i (r 1; r 2; ! c)� !e i! c � sinc (� !� ) (8.71)

where � i (r 1; r 2; ! c) has the dim ensions of sp ectral density, so it cancels out the scaling by � ! . The
main lob e of the sinc function b ecomes narrower with i ncreasing �lter bandwidth. We rememb er
that the coherence time of a narrowband source is inversely prop ortional to its bandwidth (Eq.
8.31). Here we showed how the narrowband �lteri ng can e�ectively turn a broadband source into a
narrowband one when the bandwidth i s narrow enough, which re sul ts in an increase of the coherence
time. This would make a broadband source app ear more coherent than it is at the origin. This is
an imp ortant result that we will revisit throughout this work. See also Jacobsen and Nielsen (1987)
for an alte rnative derivation.

8.2.9 Nonstationary coherenc e

Coherence theory as has b een formulate d until recently is largely based on the theory of random
stationary pro cesses. Even though it has proven to have a tr emendous explanator y p ower in optics
and is just as applicable in other scalar wave phenomena, it is inadequate to deal with reali sti c acous-
tic si gnal s that are, by and l arge, nonstationary. The imp ortance of nonstationarity was expre ssed
by Antoni (2009) in the context of cyclostationary acoustic signal analysis, which reveals hidden
p erio dicities (mo dulations) in the standard p ower sp ectrum: � Let us insist on the assertion that
nonstationarity�as evidenced by the presence of transients�is intimately related to the concept of
information. This is completely analogous to speech or music signals that can carry a message or a
melody only because they consist of a succession of nonstationarities.�
Formal work on nonstationary optical coherence theory started only relatively rece ntl y with

Bertolotti et al. (1995). We shall adopt a similar but more rigorous theory by Lajunen et al.
(2005), which is a close variation on the sp ectral coherence theory presented in � 8. 2.6. Therefore,
it is not going to b e necessary to consider all the steps in the derivation, but rather to discuss the
main di�erenc es and implications.
Nonstationary coherence theory is de�ned for a pulse train, in which the pulses ar e well-separated

in time from one another, so they do not mix. Pulses here shoul d b e seen as a very general way to
express a �nite wave that has a b eginning and an ending, although its duration is not constrained
by the analysis. The pulses can b e di�erent from one another in level, sp ectrum, p osition, and
duration, which m eans that the ensemble is certainly not er go dic. Hence, nonstati onary ensemble
averages that are employed he re are not time averages as b efore, but have to b e com pute d on a
pulse-by-pulse basis, where every pul se is de�ned with its own time reference�inde p endently of the
other pulses. Therefor e, the expression for the mutual coher ence function takes the form

�( r 1; r 2; t1; t2) = hp� (r 1; t1)p(r 2; t2)i =
1
N

NX

n=1

p�
n (r 1; t1)pn (r 2; t2) (8.72)
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where the pressure �eld p of each pulse is marke d with a subscri pt n . Because of the nonstationarity
of the pulse train, the cross-correlation is not time-invariant, in general, whi ch is under scored by
the ensemble averaging op eration h� � � i not carrying the subscript t this time. The nonstationary
complex de gree of cohere nce is (Bertolotti et al., 1995)


 (r 1; r 2; t1; t2) =
�( r 1; r 2; t1; t2)

p
I (r 1; t1)

p
I (r 2; t2)

(8.73)

Similarly, the nonstationary cross-sp ec tral density is

W (r 1; r 2; ! 1; ! 2) = hP � (r 1; ! 1)P (r 2; ! 2)i =
1
N

NX

n=1

P �
n (r 1; ! 1)Pn (r 2; ! 2) (8.74)

Here the most striking feature of the nonstationary theory is revealed, as disturbances of di�erent
frequencies can interact�unlike in the stationary case where di�erent frequencies are completely
incoherent. The nonstationary sp ectral degre e of coherence is then

� (r 1; r 2; ! 1; ! 2) =
W (r 1; r 2; ! 1; ! 2)

p
S(r 1; ! 1)

p
S(r 2; ! 2)

(8.75)

All steps and expressions in the derivation are completely analogous to the stationary case as de-
scrib ed in 8. 2.6, but with the frequency variables di�erentiated ! 1 6= ! 2 everywhere where cross-
correlation is appli ed. Notably, the nonstationary mutual coherenc e and cross-sp ectral de nsi ty b oth
satisfy the wave equation, just li ke Eqs. 8.41, 8.42, 8.43, and 8.44.
The optio n of using time-dep endent ensemble averages instead of mutual coherence was men-

tioned in Mandel and Wolf (1965), wher e it was referred to as the ensemble correlation function .
It was not further pursued there, b e cause of the greater usefulness of stationarity. Dero de and Fink
(1994) suggested, indep endently, to use this alternative ave raging in acoustical nonstationary sig -
nals, anticipating the nonstationary opti cal theory. However, their acoustic c oherence theory did
not consider frequency interaction in its sp e ctral coherence functions. Nonstationary acoustic signal
theory was al so deri ved by Mark (1970), but without consider ing an inter ac tion b etween freque nc ies
either, so ! 1 = ! 2 , just as in stationary pro cesses. The coherence b etween of two frequencies
that propagate in turbulent conditions was investi gate d by Havelo ck et al. (1998), but the analysis
referred to an envelop e-like �uctuation term that is common to the two frequencies and b ecomes
gradually decohered with increasing turbulence strength and range, for �xed p oints in time and
space. This usage is more similar to the de�nition of coherence in hearing science (� 7.2.4).
In general, nonstationary pro cesses are much more complicated to work wi th than stationary

pro cesses. As a rule, since the frequency comp onents are not i nde p endent in nonstationary pro cesses,
it is p ossible that the usual self-coherence function do es not fully capture its second-order statistical
prop erties as in stationary pro cesses (e.g ., the sp ectrum and the coherence time). This can result
in analytic signals that are not � prop er �, which means that their real and imaginary parts are
not indep endent and thei r cross-correlation do es not cancel out as Eq. 6.14 predicts (Neeser and
Massey, 1993; Picinb ono, 1994). It has b een suggested that realistic signals such as sp eech are
improp er , which may r equire di�erent appli ed to ols to deal with them (Picinb ono and Bondon,
1997; Schreie r and Scharf, 2003; Clark, 2012). It was recently suggested by Clark (2012) that
phase-lo cked coherent tracking (using the complex envelop e formalism) may go a long way to
accurately demo dulate improp er signals (i.e., obtain accurate audio and mo dulation sp ectra), which
coincides wi th what the ear app ears to b e doing, at least in part (�9). Whi le this topic has some clear
relevance to the present theory, as b oth deal with the b order line b etween constant and instantaneous
quantities, this approac h is outside the scop e of this work.



Adam Weisser 153

Beating

An early example of nonstationary interference has b een the demonstration of the b eating b etween
two laser sources that have nearly identic al line frequencie s (Magyar and Mandel, 1963). This
would have not b een considere d a particul arly i nteresting achievement in acoustics, but the analysis
provides a useful formulation to b eating using cohere nce theory. In this case, the ensemble average
was not employed, b ecause it would have e�ecti vely randomized the initial phase, which in the l ong
run eliminates the contrast of any measurable b eating. The spatial co ordinate is assumed constant
in all expressions, so it is incorp orated into the phase

p1(t) =
p

I 1(t) exp(i! 1t + i' 1) p2(t) =
p

I 2(t) exp(i! 2t + i' 2) (8.76)

with the initial phase ter ms ' 1 and ' 2 . In gene ral, ther e is a di�erent initial phase, as well as a
p ossible path di�erence c� b etween the wavefronts that corresp onds to a delay � . We can write the
interference law for the �elds p1(t � �=2) and p2(t + �=2) using all the phase contributions

I (t) = I 1(t) + I 2(t) + 2
p

I 1(t)I 2(t) cos
�
(! 2 � ! 1)t +

1
2

(! 2 + ! 1)� + ' 2 � ' 1

�
(8.77)

The intensity will var y in time as long as ! 1 6= ! 2 . This b e ati ng can b e thought of as temp oral
fringes given that mathematically there is no di�erence with spatial interference except for the
changed space-time co ordinate. Assuming a detector that has a rectangular input wi ndow T , we
can integrate the intensity and obtain the detected b eating

Î (t; T ) =
1
T

Z t+ T

t
I (t0)dt0

= I 1(t)+ I 2(t)+2
p

I 1(t)I 2(t) sinc
�

(! 1 � ! 2)T
2

�
cos

�
(! 2 � ! 1)

�
t +

T
2

�
+

1
2

(! 2 + ! 1)� + ' 2 � ' 1

�

(8.78)

Based on Eq. 8.19 we obtain the visibility pattern, which is stationary in compari son with the
time-dep endent cosine term

j
 (t)j =
2

q
I 1 (t )
I 2 (t ) +

q
I 2 (t )
I 1 (t )

sinc(� � fT ) (8.79)

for spacing b etween the frequencies of � f = jf 2 � f 1j . By exchanging audibility for visibility, this
equation provi des a condition for b eating detection. Howeve r, the rectangular integr ati on window
causes the audibility to �uctuate with the � f due to the side lob es of the sinc function, which is
psychoacoustically not the case. Rather, the b eating audi bility should diminish monotonically with
� f . Therefore, the rectangular window may b e r eplaced with a Gaussian window that has the same
equivalent re ctangular bandwidth T (see �B.3)

Î (t; T ) =
1
T

Z 1

�1
I (t0) exp

�
� 4 ln 2

t
02

T2

�
dt0

= I 1(t) + I 2(t) +
r

�
ln 2

p
I 1(t)I 2(t) exp

�
�

(�T � f )2

4 ln 2

�
cos

�
1
2

(! 2 + ! 1)� + ' 2 � ' 1

�
(8.80)

with the resp ective visibi lity/audibi lity

j
 (t)j =
p �

ln 2q
I 1 (t )
I 2 (t ) +

q
I 1 (t )
I 2 (t )

exp
�
�

(�T � f )2

4 ln 2

�
(8.81)
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For a given T of the detector and for I 1 = I 2 , the audibility with the Gaussian window will dr op to
half for � f = 2 ln 2

�T � 0:441=T , whereas with the rectangular window, it is � f = 0 :5=T (the �rst
zero of the sinc function). We shall revisit this solution in � 12.5.5, once the values of the auditory
T will b e estimated.
The phase of the degree of coherence dep ends on the values of ' 1 , ' 2 and � , which are not

necessarily contr olled. It means that had we taken the ensemble average, the temp oral interference
pattern�the b eating�may no longer b e audible, as the relative p osition of the temp oral fringes
would move with the phase . Therefore, in order to measure b eating, we have to lo ok at the sp eci�c
instance in time, as nonstationarity requir es.

8.2.10 Discussion

The classical theory of coherence was reviewed with emphasis on the most relevant asp ects to audi-
tory pro cessing of acoustic signals. Although many of the theoretical results have b een undoubtedl y
known and used by acousticians, there is an o bvious lack of systematic treatments or reviews of
this imp ortant topic within the �eld. It is appreciated that some of the results are imprec ise in
the ne ar-�el d approximation, where the sound intensity is dir ectional and evanescent mo des can b e
dominant. Nevertheless, the squared pressure is the most useful proxy for acoustic intensity and
p ower in the majority of practical cases. It i s also the most immediate measurement when using
pressure detectors such as the ears and standard pressure micro pho ne s. This makes the classical
coherence theory highly relevant for hearing research as wel l.

The remainder of this chapter is therefore dedicated to the exploration of how coherence theory
has b een applied in he aring-re levant acoustics, sometimes using di�ere nt terminology than in optics.
In turn, the insight garnered in these sections wil l provide the necessary basis for understanding the
coherent-incoherent distinction that is key to the imaging auditory system.

8.3 Coherence of typical acoustic sources

8.3.1 Mathematical sounds and realistic light sources

It can b e easy to forget that natural acoustic signals are not pure in the mathematical sense. In the
context of coher ence, the in�nitesimal sp ectral width of the pure tone entails that, asymptotically,
it has in�nite coherence time and length. From the coherence tim e de�nitions (Eq. 8.31), the
coherence time for a m athe mati cal pure tone is

� � pure tone ! 1 (8.82)

whereas for white noise�the other mathematically idealized sound stimulus�it is

� � white noise ! 0 (8.83)

While somewhat trivial, these extre me cases are imp ortant b ecause they map to many of the exp er-
iments done in b oth acoustic and auditory research since the adv ent of el ectronics. In the present
work, these extreme coherence prop er ti es inform the interpretation of published results that were ob-
tained using such signals. Unlike signals of �nite bandwidth, broadening of pure tones (i.e., through
absorption, disp ersion, re�ections, and the Doppler e�ect) accumulates very slowly, to the p oint
of b e ing negligible in normal settings (see Figures 3.1 and 3. 2 for illustrations using disp ersion).
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This means that e�ects that have to do with partial coherence may not b e readily encountered in
lab oratory-based exp er iments and calculations based on pure tones.
In contrast to b oth pur e tones and white noise, realistic optical sources have �nite bandwidths,

so they exhibit a br oade r r ange of cohere nce phe no mena. Onl y with the invention of the laser (and
maser, b oth in the 195 0s) did exp erimental optics obtain stable quasi-mono chromatic sources, which
have much narrower sp ec tral bandwidths than natural sources (yet still �nite) 78 . For example, Wolf
(2007, p. 5) compared the coherence time and length of a gas discharge lamp of � � � 0:01 � s
and � l � 19 m to a stabilized laser of � � � 100 � s and � l � 190 km(!). Note, however, that
these sourc es still have �nite bandwidths of � f � 108 Hz for the lamp and � f � 104 Hz for the
laser. While the e xact center frequency was not provided by Wolf, we can roughly assume it to b e
1014 Hz in b oth cases, which would make the relative bandwidth of the two sources 10� 6 and 10� 10 ,
resp ectively. While i n optics these sources are still not considered pure tones�their phase cannot b e
controlled as in sound generation�equivalent precision i n audi o would b e very impressive. For a tone
at 1000 Hz, it would entail approximate precision of 0.001 H z and 0.0000001 Hz, resp ectively�well
b elow the resolution of any standard acoustic instrumentation.
In the following, we wi ll try to understand what kind of coherence prop erties may b e exp ected

from realistic acoustic sources. Due to the relative scarcity of data in literature, this question can
b e answered only in part.

8.3.2 E�ective durat ion of realistic acoustic sources

The c oherence time of acoustic sources may b e estimated directly from the auto c orrel ation function
of the radiated output in free �eld (Eq. 8.33). There is relatively little information available in
literature ab out the coherence prop erties of typical acoustic sources and most work has fo cused on
(broadband) music and the interaction it has with ro om ac ousti cs (e.g., Ando, 1985). As most
natural acoustic sources are nonstati onary, some kind of running auto correlation is required to b e
able to estimate their temp oral coherence. In general, these sources are not at all as well-b ehaved
as the optical sources used in stationary coherence theory, and their coherence time can only b e
estimated approximately. If the stationary auto correlation function is computed using the limit

�( � ) = lim
T !1

1
2T

Z T

� T
p� (t)p(t + � )dt (8.84)

Then, in the nonstationary case, the integration constant T is �nite and its value a�ec ts the mea-
surement. A longer T can b e use d to detect slower p erio dici ties and features in the coher ence
function. Examples of the e�ect of the choices of T on the auto correlation function of several
musical piec es are shown in Figure s 3.4�3.6 in Ando (1998, pp. 14�18) and for other sounds in
Figure A.2. These �gures demonstrate how signals di�er in their sensitivity to T , which may or may
not capture their characteri sti c coherence time. Therefore, T has to b e se lected with consideration
to the degree of c oherence of the sound that is b eing analyzed.
In several acoustic studies that estimated the running auto correlation, a measure similar to

coherence time�the e�ective duration (usually denoted with � e)�was de�ned as the -10 dB
drop from the auto correlation p eak at � = 0 (i.e., when j
 j = 0 :1), but extrap olated from the initial
5 dB drop in the resp onse p eak. This de�nition pro duces an exaggerated e�ect compared to the
coherence time in the optical de�nition that entails only a 3 dB drop from the p eak (half-width
maximum p ower). As the pro cedure to obtain the 10 dB p oint nor mally involv es a linear �t to the

78Before the advent of laser technology, the alternative in optics has been to use amonochromator , which
produces a narrowband spectrum from a broadband light source. This is usually achieved by spatially selecting the
di�racted or dispersed product of the broadband light. This technology is still widely used in applied optics.
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auto correlation function of the A-weighted pressure (e.g., Ando, 1998, pp. 12�13), the conversion
entails that � � � 0:3� c , if the auto correlation function is well-b ehaved. Di�erent metho ds exist to
estimate the running auto correlation and the slop e of i ts main p eak, so the e sti mates of the e�ective
durations of acoustic so ur ces tend to b e somewhat inconsistent b etween rep orts and should b e take n
only as approximate ranges (D'Orazio et al., 2011). This is also apparent from the supplementary
analyses presented i n �A.
While the cri terion for the e�ecti ve duration de�nition seems to have b een arbitrarily set, it

has b een asso ciated with some b ehavi oral measures. Notably, identi�cation of monosyllables by
mo derately hearing-impaired elderly listeners was highly correlated ( r = 0 :87) with the e�ective
duration of the syllables, but not with the broadband coherence time anal og 79 ( r = 0 :19) (Shimokura
et al., 2017, Figure 5d�5e). In anothe r study, Ando (1998, pp. 88�119) found several corre lations
b etween the preference of ideal r everb eration time for sp eci�c music typ es and the e�ective duration
of the music. A �temp oral f ac tor� was also de�ned that is equivalent to coherence time of the
broadband auto cor relation, set at half the p ower of the main lob e, and was found to correlate with
the timbre p erception of sp ectral tilt of distortion gui tar (Ando and Cariani, 2009, pp. 11 and
120�124).
The e�ec tive duration�and more generally, the degree of coherence�of sp eech si gnal s has not

b een systematicall y surveyed in the literature, even though auto correlation i s frequently used in
signal pro cessing of sp e ech (e.g., for extracting the instantaneous fundamental frequency; Kawahara
et al., 1999 and De Cheveigné and Kawahara, 2002). While sp eech contains p erio dic or quasi-
p erio dic comp onents�esp e cially in vowels (see � 3.3.2)�it is highly nonstationar y and dynamic,
and therefore cannot b e exp ected to have very long e�ective duration on average, esp ecially when
it i s calculated for the broadband si gnal. According to D'Orazio and Garai (2017), sp eech has an
e�ective duration of somewher e b etween 8 and 16 ms. This estimate was probably based on Ando
(1998, Figur e 4.2), who found a range of e�ective durations with an average of 12 ms (measured
with a Japanese p o em sp oken by a female reader). That even sp eech vowels are not completely
p erio dic can b e see n in the auto correlation curves in Hillenbrand (1988, Figure 2), whi ch reveal large,
but nowhere near in�nite e �e ctive duration for a sustained /a/ vowel�ab out 10�20 pitch p erio ds
for b oth real and synthesized male and female voices. Converted to time units, it can corresp ond
to a r ange of 50�200 ms for a male with fundamental fr equency of f 0 = 100 Hz at the low end,
or to f 0 = 200 Hz for a female voice at the high end. A more detail ed study of female Japanese
monosyllables found that the e �e ctive dur ation is 30�70 ms (Shimokura et al., 2017). An older study
with no sp eci�c details ab out the exact signal used rep orted male sp ee ch to have e�ective duration
of ab out 100 ms, but the auto correlation cur ve never tap ered o� b elow j
 j � 0:15 (Fourdouiev,
1965, Figure 2 and table). Interp olation of the same curve gives a coherence time of ab out 31 ms
for sp eech.
More data has b een collected ab out the coherence of m usi cal sources than ab out sp eech sources.

For exampl e, Ando (1998, pp. 13�19) compared the running auto correlation of di�erent pi ano
p erformances and f ound a wide range of e�ec tive durations with a minimum of 20�30 ms (e.g.,
Ando's Figure 3.5d), along with instances of much longer durations ( > 200 ms, Figure 3.4d),
dep ending on the integration time used in the calculation.
E�ective duration data of non-musical acoustic sources have b ee n rep orted sp oradically. For

example, auto correlation measureme nts of narrowband noi se centered around 250, 100 0, and 4000
Hz with � f = 213, 554, and 1556 Hz, resp ectively, found coherence time (for j
 j = 0 :5) that is
scaled by the noise bandwidth of ab out � � = 3, 1. 5, and 0.4 ms, resp ectively (Ando and Alrutz,
1982), as exp ected from the coherence time de�nition. In anothe r study, the temp oral characteristics

79In the paper the coherence time is referred to simply as the width of the autocorrelation peak and is notated
with W� (0) .
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Figure 8.4: The rough relative range of the e�ective duration of di�erent types of acoustic
signals and their impulsiveness. This is drawn according to D'Orazio and Garai (2017, Figures
4), with slight modi�cations.

of ground-level broadband noise fr om a landing airplane at 1 km altitude were estimated and found
to b ecome incoherent very quickl y (1�2 ms) (Fujii et al., 2001). However, there were additional
p eaks in the auto correlation function after the initial drop that re present spurious cohere nce due to
p erio dic comp onents o f the aircraft noise.
A qualitative breakdown of the coherence of various signal famil ies was provided recently by

D'Orazio and Garai (2017, Figures 4 and 6), in whic h the relative e�ective duration of sp eech,
music, pure tones, which noise, impulses, ventilation sound, and �glitch� sounds were all plotted
against an impulsive ness scale (ranging b etween c ompletely impulsive and completely continuous).
As many musical pieces contain sounds that are b oth continuous and p erio di c (e.g., harmony of a
string section) as well as impul si ve sounds wi th very slow rhythmic p erio ds (e.g, drum b eat), its
e�ective durations o ccupie s a large range of times (16�512 ms), dep ending on the musical content
and instrumentation. The �gure is roughly repro duced in Figure 8.4 with slight mo di�cations.

8.3.3 Coherence t im e of realistic sources

Given the relative lack of narrowband coherence data in lite rature, several additi onal acoustic sour ces
were analyzed i n �A. The re sul ts show the interactions b etween coherence and the sp ectral features
in the analyzed channel, the instantaneous tonality, and the typ e of source. Sources that have
sustained and resonant normal mo des ar e more coherent than transient sources, including sp eech.
However, the variability is v ery l arge, and b ecomes even large r when it interacts with the ro om
acoustics.
One immediate o bse rvation is that c oherence time values are long at lower frequencies and

are al most always very short at high frequencies (i.e., ab ov e 2000 Hz). This can b e due to the
narrowband �lter ing and the sources the mselves. The analysis �lters imp ose some coherence on the
signals, which is prop ortional to the absolute bandwidth of the � lter, rather to its relative bandwidth
(Eqs. 8.31 and 8.71). Since �lter banks (including the co chlear one) tend to have a relatively small
variation in the relative bandwidth as a func tion of frequency, then high frequencies that are analyzed
by them wil l always b e less coherent, by the de�nition of c oherence time. Therefore, inasmuch as
the �lters themsel ves have a coher ing e�ect on the signals, it decreases with frequency. Perhaps
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more imp ortantly, the acoustic sources surveyed were music al and human sounds, which tend to b e
well-tuned only at low frequencies. At high frequencies, their high mo dal density may precl ude stable
narrowband sounds with the �lters used. As the survey of sources was anything but exhaustive, more
data will have to b e analyzed in the future to enable a b ette r grasp of the se issues.
Audio dem os are available for some of the samples used i n the exp eriment, which may b e

informative for the reader to get a handle of the di�e rent coherence regime s� esp ecially when heard
along with the various plots i n �A.

8.3.4 Discussion

The combined data fr om lite rature and from �A ar e su�cient to give an idea ab out the ranges
of coherence times asso ciated with di�ere nt sources. Imp ortantly, they enable us to relate to a
continuum of coherence times, which may b e indic ati ve of the subjective p erception of coherent,
partially coherent, and incoherent sourc es. As a rule, natural sources are rarely completely coherent
or completely inc oherent, but sources with coherence time on the order of a couple of m illiseconds
or less will b e assumed incoherent, whereas those in the hundreds of milliseconds will b e assumed
coherent. These b ounds will demarcate the relevance of acoustic and auditory phenomena that can
b e explained by interference .
A common theme in this chapter and the rest of this work is that realistic acoustic source s and

�elds are partially coherent. Now that we have the extrem e b ounds of coherent and incoherent
sources�what sounds could count as partially cohere nt? As was shown earlie r (Eq. 8.21), par tial
coherence can b e expressed as a sum of completely coherent and completely incoher ent contributions
that are weighted by j
 j and 1�j 
 j , resp ectively. Furthermore, according to Eq. 8.22, j
 j = 0 :5 when
the coherent and incoherent contributions are equal. For a purely temp oral c oherence measurement,
this equality is satis�ed exactly at the coherence time � = � � , namely, at the full-width half-
maximum of the coherence distribution.
As a rule of thumb we shall consider the completely coherent re gime of a coherence function

to b e contained within the coherence time interval j� j � � � . Similarly, the c ompletely incoherent
regime will b e outside of the e�ective duration j� j � � e. The partial ly coherent r egime is goi ng to
b e everything in the middle � � � j � j � � e, which leaves some ro om for ambiguity that may dep end
on the individual resp onses and their interacti on with the particular source.
Note that even though we have discussed the results based on auto correlation (self-coher ence),

it do es not imply that such an op eration is necessarily b eing p erformed within the auditory system�
something that has b een questioned i n literature (Lo eb et al., 1983; Kaer nbac h and Demany, 1998).
Rather, auto corre lation her e is the mathematical to ol that reveals what kind of acoustic source is
b eing radiated. This information a�ects the receiver whether or not it has a physiological auto cor-
relator. See � 8.6 for further discussi on ab out auto c orrel ati on in the audi tory system.

8.4 Decoherence through re�ections and reverb eration

Out of all the branches of acoustics, ro om acoustics may have made the most extensive use of
sto chastic to ols that have par al lels in scalar electrom agne tic coherence theory (� 7.2.3). This is
b ecause reverb eration is most e�ectively describ ed as an ensemble of re�ec tions wi th random phase,
whereas a complete solution of the wave equation for all ro om mo des b ecomes untenable at high
frequencies, where the mo dal density of the ro om is prohibitive ly high. The fundamental e�ec t of
reverb eratio n on cohere nce is to gradually decohere the sounds through re�ections, sp ectral broad-
ening, and mixing with nume rous other re�ections in the �eld. Therefore, the reverb erant sound �el d
is usually divided into two limiting cases�the coher ent/direct sound and the incoherent/re�e cted
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sound (Morse and Bolt, 1944 ). The details matter, though, as the source typ e , b oundary (ro om)
structure, and construction materials dete rmine the extent of decoherence that is ultimatel y detected
by the ears. While the topic of r o om acoustics is to o large to fully reframe in light of cohere nce
theory, several basic results will b e reviewed b elow that will pr ovide the f oundati on for later analysis
of the auditor y system resp onse to signals in their everyday envi ronments.

8.4.1 Coherence a nd re�ections

A complete description of the pressure wave s re�ected from a surface can b e prohibitively complex
and only relatively simple cases can b e solved analytically (see � 3.4.3). The coherence approach
avoids this di�culty by lo oking only at the relative p oint-to-p oint transformation of the wave function
and at its p otential to cause interfere nce, rather than at a complete description of the entire �eld.
This is particul arly useful b ecause any one-dimensional �eld function�fully describable as p oint
source and p oint receiver (as is the e�ective pressure �eld arriv ing in each ear)�may b e ful ly
characterized by its instantaneous amplitude and phase (see �3.5).
Following the propagated �eld from a source with a known degree of coherence, we woul d like

to know how its radiated pressure changes as a result of re�ec tions. We can make a few inferences
based on � 3.4.3. In the simplest case, a hard wall of very large dimensions (with resp ect to the
longest wavelength of the sound �eld) acts as a p erfec t mir ror. The pressure at any p oint in front of
the wall is a sup erp osition of the direct sound and its re�ection from the wall. The time delay of the
re�ection that corresp onds to � in the coherence function 
 (� ) is determined by the distance from
the wall, the angle of incidence, and the wal l imp edance. If � is smaller than the coherence time
of the source, then the direct and re�ected sounds interfere and level variations will b e measurable
around the p oint, emb o dying the interference fringes in the acoustic �eld. When the time delay i s
not much larger than the coherence ti me, partial coherence leads to partial interf erence that exhibits
p o or fr inge visibility (measured in space ). Finally, when the wall is not hard, then the re�ected wave
is generally atte nuate d and exhibits a frequency-dep endent phase resp onse, which can also l ead to a
loss of coherence (if the sourc e is not mono chromatic), even when the asso ciated time delay is well
b elow the cohe rence time. Partially c oherent broadband sound that is mixed with its re�ection will
exhibit sp ectral ripples, or sp ectral mo dulation. Such r ipples were observed in various geometrical
con�gurations, where the source was placed b etwe en two, three, or four re �ecting walls in Berman
(1975). Even though the source was coherent (pure tones), the sp ectrum was a�e cted by the mo des
that existed b etween the walls, which gave rise to a comple x interference pattern that is seen in the
sp ectrum.

8.4.2 Coherence a nd reverb eration

Reverb eration is caused by the ensemble of r e�ections b etween an acoustic source and its environ-
ment, which arrive to a receiver asynchronously. The re�e cted waves are further re�ected b etween
surfaces until the re�ected energy eve ntual ly b ecomes fully dissipated and the sound dies out. The
delay asso ciated with each di screte re�ecti on is determined by the distance from the so urce, angle
of incidence , and the surface imp edance�summed over multiple re�ections. Reverb eration can b e
statistically characte rized using its reverb eration time , which is prop ortional to the durati on of
the sound decay in the reverb erant space. In its simplest formulation 80 , the reve rb eration time is a
function of the total surface area S , its r elative absorption 0 � � � 1 (0 i s completely absorb ent, 1

80For a brief review of alternatives and limitations see Xiang (2020).
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completely re�ective), and the volume V of the space�through Sabine's formula (Sabine, 1923):

T60 = 6 ln 10 �
4V
cS�

(8.85)

Tec hni cally, it is de �ned as the time it takes f or statio nary sound to drop by 60 dB (to one millionth
of its original level) from whe n it is switched o�. Nowadays, it is usuall y evaluated directly from
the impulse resp onse function of the space. Although r everb eration has b een explored mainly inside
built ro oms, its applicability is completely gener al to other spaces with e nough re�ective surfaces
to elicit statistical b ehavior (see � 3.4.4). Therefore, the ref erence to ro oms provides a conve nient
system that is also relevant to much of humanity, but many of the conclusions most certainl y go
b eyond built enclosures.
The vali di ty of the statistical approach to reverb eration largel y dep ends on how random the

sound �eld is�a prop erty which is captured by the di�use �eld mo del. The di�use �eld has
b een a highly useful theore tical mo del for investigating the e�ects of reverb eration. In a p er fectly
di�use �eld, the numb er of re�e ctions, their phase, and thei r direction are completely random (the
quantities are average, so the randomness is evaluated over time) and b ehave ergo dical ly (M orse
and Bol t, 1944). Jacobsen (1979, p. 12, de�nition I I with interpre tati on B) explore d several related
de�nitions for a di�use �eld in a reve rb eration chamb er and zero ed in on: � A di�use sound �eld
comprises an in�nite number of plane propagating waves with random phase relations, arriving from
uniformly distributed directions.� And additionally, � At an arbitrary position in a pure-tone �eld the
phase relations of the waves constitute a �xed set of random variables.� These somewhat technical
de�nitions have b een mainl y used with sp ectral coherence, although it was develop ed indep endently
from that reviewed in � 8.2.7.
A ro om that approximates a di�use �eld is called a reverb eration chamb er . It is notionally

antonymous to the anechoic chamb er , whose design goal is to approximate free-�eld b ehavior
that renders exclusive the dire ct sound from the acoustical source by minimizing re�ections through
heavy absorption (Kuttru�, 2017, pp. 151�154 and 221�225). In interpreting exp erimental acoustic
data, it is p erhaps handy to consider the following analogie s. The di�use �eld is to spatial
coherence what white noise is to temp oral coherence �b oth approach the l imit of comple te
incoherence with i n�nitesimally small spatial or temp oral shifts in their re sp ective self -coherence
functions. Similarly, the free �eld is to spatial coherence what the pure tone is to temp oral
coherence �b oth approach the limit of complete coherence with in�nitesimally large spatial and
temp oral shifts in their resp ectiv e self-coherence functions. As always, reality lies somewhe re in
b etween these idealized mo del �elds, as Morse and Bolt (1944) admitted that � ...room acoustics
�nds itself in the di�cult intermediate region,� referring to the gulf b etween statistical mo deling
of ro oms using geometrical acoustics and accurate mo de ling with wave acoustics that is often
impractical. In a similar vein, Kinsler et al. (1 999, p. 140) commented on the di�erence b etween
coherent and incoherent summation of a mono chromatic source: � A typical case of continuous wave
propagation may lie somewhere between these two idealizations. Coherence is favored by short-
range, low-frequency, smooth boundaries, few boundary re�ections, and a stable and smooth speed
of sound pro�le. Random phasing is favored by the converse conditions.�
It b ecomes valid to mo del an acoustic �el d as di�use where the encl osur e supp or ts a high mo dal

density with resp ect to frequency. This is the case for lar ge ro oms, as is expressed by the Schro eder
cross-over frequency (Schro eder, 1996)

f � 2000
r

T60

V
Hz (8.86)

for T60 measured in s and V in m3 . This formula guarantees that frequencie s ab ove f resonate
due to at least three normal ro om mo des, on average� so no normal mo de �isolates� are allowed.
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Below the cross-over frequency, single mo des may dominate the resp onse, which is no longer well-
describ ed by statistical considerations. By inverting Eq. 8.86 and turning it into an inequality, we can
relate to �large ro oms� with an approx imate di�use �eld if they have a volume V > T60(2000=f )2

(Kuttru�, 2017, p. 68). In contrast, �small ro oms� may not have a meaningful T60 asso ciated with
them, b ecause individual nor mal mo des o ccupy signi�cant bandwi dths. Howe ver, T60 is gener ally
dep endent on frequency, so its bl anket application in all these formulas require s caution.
Despite i ts p ower as a theoretical to ol, the di�use �eld approximation is often violated in real

ro oms and sho uld only serve as a limiting case (Morse and Bolt, 1944; Waterhouse, 1968). There
are corr elations in the di�use sound �eld that demonstrate the limits of its randomness, which
therefore induce extended coherence volum es than theory predicts 81 . For example, Waterhouse
(1955) showed b oth theore tically and empirically that interference is observable along the ro om
b oundaries even i n a highly reverb erant chamb er. The interference is constructive close to the
b oundary with the strongest e�ect for a corner, followed by an edge, and �nally a wall that has the
weakest e�ect. Naturally, the interference is most pronounced for coherent sources, as pure tone
fringes are measurable up to a distance of a c ouple of wavelengths from the walls. With broadband
noise, the e�ect decreases with increasing bandwidth, as its coherence length drops (see Eq. 8.37;
Waterhouse, 1955, Figure 7). Even far away from the ro om b oundaries, the spatial coherence of
the di�use broadband pressure �eld at two p oints is �nite. Thus, an interference pattern can b e
observed, e sp ecially at l ow frequencies, given by the spatial cohe rence

� (r 1; r 2; ! ) = sinc
�

! jr 1 � r 2 j
c

�
(8.87)

where r 1 and r 2 are the two me asure ment p oints (Co ok et al., 1955). This for mula was found to b e
correct also in rectangular ro om s as l ong as the reverb erant �eld is undamp ed, mo dal eigenfrequencies
are unique, and the mo dal density is high enough to b e approximated as conti nuous (Mor row, 1971).
Just as correlations exist in the temp or al and spatial domains, they also characterize the sp ectral

domain in the di�use �eld. Sound comp onents in the sp ectr al domain ar e not entirely incoherent
in large reverb erant ro oms. Schro eder (1962) showed that if the freque ncy resp onse b etween two
p oints is mo deled as a random pro cess, then the auto corr elation of the p ower sp ec trum (de�ned as
a function of sp ectral distance j! 1 � ! 2j ), go es as

� (r ; ! 1; ! 2) =
1

1 +
�

j! 1 � ! 2 jT60

13:8

� 2 (8.88)

which we asso ciated with the sp ectral nonstationary self-coherence function � . The factor T60=13:8
represents the time it takes for an impulse to decay to a value of 1=e from i ts initial value. The
auto correlation drops by ab out 10 dB for jf 1 � f 2j = 6 :6=T60 , so that it takes the frequency spaci ng
of a few Hertz for two comp onents to b ecome completely incoherent. A very simi lar result was
obtained for the pressure amplitude auto correlation function. Eq. 8.88 is a neat illustration of
the decohering e�ect of reverb eration�the longer the reverb eration time is, the more decorrelated
adjacent sp ec tral comp onents b e come, as the �eld b ecome s closer to a theor etically stationary �eld
in which frequencies are incoherent (Eq. 8.30). However, caution must b e taken when the sp ec tr al
resolution of the measurement is higher than the spacing condition for incoherence, b ecause the
measurement �lte r can make the coher ence app ear higher than it is in reality (Jacobsen and Nielsen,
1987; Jacobsen and Roisin, 2000). Some examples of sp ectral coherence at di�er ent measurement

81The coherence volume is de�ned as an extension to coherence length in three dimensions, as the volume
around a point in which interference may be observed (Wolf, 2007, pp. 8�10). The concept is not used in acoustics,
but seems appropriate in the context of three-dimensional �elds.
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p oints in a ro om are given in � A.6.3, wher e it is shown that realistic sources can b e much more
sp ectrally correlated in standard (non-di�use) ro oms than i s predicted by Eq. 8.88.
At the sound r eceiver in the reverb erant space, three coherence regimes may b e noticeable�two

distinct and one that is more elusive. First, the direct sound from the source arrives uninterrupted to
the receiver b efor e the �rst re�ection do es. When the source is coherent, the n its mutual coherence
function is largely retained in this duration, as it propagates according to the wave equation (Eqs.
8.41 and 8.42) and do es not su�er from the decohering e�ects of re�ection (8.4.1). Se cond, if
a certain surface is much closer to the receiver than other surfaces, then a single re�ection may
interfere with the dir ect sound, if the dire ct sound and re�ection are b oth coherent. Additional
�early re�ections� are p ossible over a short time window that pro duce some interfe rence, dep ending
on the surrounding geome try 82 . Thi rd, late re�ections are no longe r distinct and they arrive with
random phases, which add incohere ntly in intensity without interfering. The �rst and third regimes
can b e distinguished by noting that the p ower of the reverb er ant �eld is indep endent o f p osition
and constitutes a c onstant fraction of the source p ower. Thus, a ro om may b e characterized by
the distance in which the direct and reverb erant p owers are equal�the critical distance or the
di�use-�eld distance (Kuttru�, 2017, p. 118)

r c � 0:1
r

V
�T 60

(8.89)

The separation b etween the early and late re�ection regimes may not b e c lear-c ut. Rarely, a distant
and high-level re�ection can stick out as an echo that is a distinc t coherent re�ection withi n the
incoherent r everb erant tail. A more common coherent e�ect may b e a series of re gular re�ections
that are caused by structural geome trical reg ul aritie s such as paralle l walls or spheri cal domes, which
can give rise to �utter echo and/or coloration. These are mo dulation e�ects, which ar e imp osed as
p eaks in the coherence function (either sp ectral or temp oral) of the sound pressure i n the ro om (see
� 3.4.4).
The var ious e�ects of reverb eration on radiated sound are of major imp ortance in hearing,

as they r epresent every p ossible degree of coherence that has to b e dealt with by the hearing
system. Stati onary signals are of rather limited usefulness in everyday listening, esp ecially when
information transfer is considered, whi ch contains mo dulati ons that can b e on the temp oral scale of
the temp oral �uctuations of the �eld itself. When the sound source is continuous but nonstationary,
�fresh� direct sound is continuously mix ed with the early and late re�ections of previously emitted
sound. In this case, if the source is highly coherent, the early re�ections are dominant, and the source
variation is rapid, then new and old information from the source c an interfere and make any message
communication di�cult. Also, when the reverb eration time is long�its energy decays slowly�i t
pro duces an approximately constant i ntensity level that �washes out� or reduces the contrast of fresh
acoustic information (or the mo dulation depth in amplitude mo dulation; Houtgast and Steeneken,
1973).
A few examples for some of the ab ove e�ects are provided in �A. In brief, they illustrate how

realistic ro om acoustics pro duces a partially coherent �eld that varies in time, space, and frequency,
and dep ends on the acoustic content of the source and on the reverb erant space . The analysis also

82It is common to distinguish between specular and di�use re�ectors in this context. Specular re�ections tend to be
coherent, as they may give rise to interference between the incident and re�ected sounds. The re�ectors are usually
hard and �at surfaces with no discontinuities. In contrast, a di�use re�ector (adi�user ) is designed to emulate
a more randomized phase response as much as possible and thereby decohere the re�ected sound and minimize
interference e�ects. It therefore attempts to maximize the surface geometrical randomness and discontinuities in
order to decohere the impinging �eld. Cox and D'Antonio (2005, p. 30�31) noted that strictly speaking all passive
re�ectors are coherent, because they are time invariant and deterministic. They additionally noted that the e�ect of
di�users is then better thought of as temporal and spatial dispersion of the �eld and not of decoherence.
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demonstrates how typical signals are generally nonstationary and it is o ften not straightforward to
predict how a signal is a�ected by reverb eration in a �eld that is not ideall y di�use. Nevertheless,
statistical e�ects that are predicted for stationary sounds in di�use �elds are o ccasionally observed,
lo cally.

8.5 Interaural coherence

We will b e rem iss without mentioning the binaural function, which can b e readily included in the
general framework of coherence theory. Interaural cross-correlation b etween the two ear signals has
b een originally prop osed by Licklider (1 948) as a means to separate sp eech from broadband noise
that the heari ng system employs. Diotic sp eech intelligibility signi�cantly improved when either the
noise or the sp e ech was out of phase b etween the two ears, while the other was in phase. The
advantage was retained for partial cohe rence of the noise 
 (R; 0) � � 0:75 for in-phase sp ee ch or

 (R; 0) � 0:75 when it was out of phase, where we se t R = jr 1 � r 2 j to b e the �xed distance
b etween the two ears of the listene r. Another e�ect is of the p erceived size of the acoustic source�
its apparent source width in the listener's �phe no menal space��turns out to also b e a function
of the i nteraural coherence (Licklide r, 1948). It was shown to b e a quantity that listeners are very
sensitive to (down to the j
 j = 0 :1 level; Je�ress et al ., 1962). Other e�ects c an b e at least partially
explained by interaural correlati on, such as p erceived bi naur al loudness, binaural b eats, and the
binaural �Huggins� pitch.
The spati al coherence function of the head interacts with the ro om acoustics. Lindev al d and

Benade (1986) presented coher ence data of a p erson walking in a re verb erant �eld ( T60 � 1 s) of
a large lecture hal l ( V = 1000 m3 ) that had a loudsp eaker playi ng sinusoidal tones. The interaural
coherence was clearly a�ected by the head shadow and the two ear signals b ecame i ncoherent at a
frequency as low as 500 Hz (the �rst zero of a sinc function). When the measureme nt was rep eated
for two microphones spaced as the two ears ( R = 15 cm), the �rst zero was reached at 1100 Hz,
so the resp onse was more coherent. Thus, the head has a measurable spatially decohering e�ect on
the sound �eld.
Binaural research has not formally engaged with coherence theory b eyond the interaural-correl ati on.

The one (informal) exception to this is Cohen (1988), who prop osed that the interaural function is,
in fact, an interferometer (see also Dietz and Ashida, 2021). This idea can b e readily develop ed us-
ing the theory we presented earlier in the chapter. In principle, the classical duplex cues for binaural
lo calization� interaural time di�erence (ITD) and interaural level di�erence (ILD) (Ray leigh,
1907b)�may b e recast as elements within the interaural coherence function. The ILD relates to
the level di�erence, whic h leads to partial incoherence and audi bi lity of less than unity (Eq. 8.19).
The ITD relates to delay�a constant phase term in the cross-term of the coherence function

(i.e., � in Eqs. 8.13 and 8.14). Substantial e�orts have b een dedicated to mo deling physiological
mechanisms that ful�ll the role of coincidence detectors �neurons with two excitatory inputs that
�re only when the binaural inputs are sync hr onized and p erform an instantaneous cross-correlation
op eration. It has b een prop osed that c oincidence detec tors are accom pani ed by matching signal
pro cessing that can extract the nece ssary information (Je�ress, 1948; Licklider, 1951b; Col burn,
1973, 1977; Lo eb et al., 1983 ; Sham ma e t al ., 1989). While in reality the interactions and deviations
from such a clean interpretation of the binaural op eration are m essy (e .g., Buchholz et al. , 2018),
there is recent physiological evidence f rom simultaneous juxtacellular recordings that the simple
coincidence mo del may b e su�cient to explain ITDs (Plau²ka et al., 2016). Regardle ss of the
precise mechanism for computing the correlati on, the e�ectiveness of using it to pre dict binaural
unmasking has b een f ound to b e very high, for a host of listening stimuli and c onditions (Encke and
Dietz, 2022).
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8.6 Coherence pro cessing in the brain

Several mo dels of pitch and harmonicity p erception hyp othesized brainstem circuitry that contains
coincidence detector s that are not necessarily used in binaural pro cessing. The imp ortant asp ect
ab out their op eration is that they more-or-less instantaneously resp ond to input cohere nce, which
means that their op eration is adapted to nonstationary coherence by de�nition.
For example, Lo eb e t al. (1983) p osited a c ross-c orre lation function, explicitly within the brainstem�

in particular i n the medial sup erior olive (MSO)�that can work ei ther monaurally or binaurally.
According to this mo del, the sp ectral resolution of the ear can b e explained using coinc idence de -
tectors that receive inputs from channels whose sp ectral distance cor resp onds to 0 .3�0.4 of the
resp ective wavelength on the basilar membr ane . This mo del do es not resort to delay l ines�a signal
pro cessing comp onent that was hyp othesized by Je�ress (1948) that may b e valid in bir ds, but
probably not in mammals (Grothe et al., 2010). Shamma and Klein (2000) hyp othesize d that a
matrix of c oincidence dete ctors may b e re sp onsible for harmonicity p erception and various ty p es of
pitch (p erio dicity and residue), which are not easily explained without a cross-correlation setup that
includes del ay lines (for which there is no clear evidence). The mo del requires phase lo cking (see
� 9.7. 2) and di stortion pro ducts (obtained through squaring) to have the i nformation necessary for
synchronization within the channel. It also hyp othesizes sp ectral and temp oral sharp ening and that
the inherent disp ersion b etween the channels is necessary for eliciting their synchronization later
in pro cessing, regardless of the signal typ e. A related mo del by Carney et al. (2002) prop osed a
coincidence de tector network that c an detect pitch in noi se . The network compri se s all the adjacent
channels that are a�ec ted by the stimulus and individually phase lo ck. R oughly, the idea here is
that when sound el ements coincide, they add up coherently and pro duce a sharp frequency resp onse ,
whereas the noise is broad and do es not add cumulative ly to the sharpness of its sp ectrum . The
mo del requires for sp eci�c phase relations to e xist b etween adjacent c hanne ls. As a �nal example,
the mo del by Langner (2015) identi�ed p erio dicity mapping (p erio dopy) at the central nucleus of
inferior colliculus (ICC), which is orthogonal to its tonotopy. In this mo del, the unique me sh-l ike
top ology of ICC neurons enables them to work as coincidence detectors for spikes that arrive fr om
the dorsal and ventral co chlear nuc lei (delayed), and the ve ntr al nucleus of the lateral lemniscus
(inhibition) (see Figures in Langne r, 2015, pp. 129 and 168).

8.7 Discussion

Basic principles of coherence theory that are germane to acoustic s and hearing science were r eviewe d
ab ove. While p erhaps none of the ideas presented in this chapter are new to the �eld, they have
never b een presented en masse in this context in a compre hensi ve and rigorous manner. Neverthe less,
acoustic cohe rence is inti mately related to the identity of sound sources, which the auditory system
can detect and react to. Later in this work, it will b ecome apparent that the auditory system is
inherently set up to di�erentially pro cess coherent and incohere nt stimuli, so the basic distinction
b etween them is critical. Because every partially-coherent stimulus can b e expressed as a sum of
coherent and incoherent comp onents, such a decomp osition p otentially endows the system with a
unique handle to identify and pro cess di�erent sound sources.
The review dwel t on ro om acoustic e�ects, which were originally describ ed using stationary

signals in di�use sound �elds. These are gener al ly not representative of most common acoustic
stimuli, as was dem onstr ate d in � 8.3.2 and �A for a handful of human and musical sources. As these
signals arrive to the outer ear and propagate to the co chlea via the middle ear, it can b e exp ected
that their coherence function will vary within the ear as well, alb eit only sli ghtly due to the very
small distances invol ved. Things are more complex inside the co chlea b ecause of disp ersion, phase
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lo cking, and discretization, as will b e discussed in subsequent chapters.
It is imp ortant to make a distinction b etween signal pro cessing that requir es coherence detection

as part of the computation and coherence that is propagated within the system, whi ch represents an
inherent prop erty of the signal. Coincidence detectors are of the �r st kind, whereas other references
to coherence in the brain (e.g., temp oral self-coherence or auto corre lation) may b e a propagated
prop erty of the second kind. The latter is the most imp ortant typ e of coherence in the present
context, b ecause it is an inherent feature of the signal that directly cor resp onds to its wave nature.
Removing coher ence from the signal is tantamount to removing some information that it carries
ab out its source. Therefore, for coherence to not propagate into the auditory brain may b e just as
nontrivial a pro cessing step as the opp osite case. In the next chapter we will fo cus mainly on phase
lo cking as a feature that facilitates coherenc e propagation.
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